Abstract. It was recently shown that the Carathéodory and Teichmüller metrics on the Teichmüller space of a closed surface do not coincide. On the other hand, Kra earlier showed that the metrics coincide when restricted to a Teichmüller disk generated by a differential with no odd-order zeros. Our aim is to classify Teichmüller disks on which the two metrics agree, and we conjecture that the Carathéodory and Teichmüller metrics agree on a Teichmüller disk if and only if the Teichmüller disk is generated by a differential with no odd-order zeros. Using dynamical results of Minsky, Smillie, and Weiss, we show that it suffices to consider disks generated by Jenkins-Strebel differentials. We then prove a complex-analytic criterion characterizing Jenkins-Strebel differentials which generate disks on which the metrics coincide. Finally, we use this criterion to prove the conjecture for the Teichmüller spaces of the five-times punctured sphere and the twice-punctured torus. We also extend the result that the Carathéodory and Teichmüller metrics are different to the case of compact surfaces with punctures.
Introduction
Let T := T g,n denote the Teichmüller space of a finite-type orientable surface S g,n . Let H denote the upper half-plane, equipped with its Poincaré metric d H . The Carathéodory metric on T is the smallest metric so that every holomorphic map T → (H, d H ) is nonexpanding. On the other hand, the Kobayashi metric on T is the largest metric so that every map (H, d H ) → T is nonexpanding. Royden [15] proved that the Kobayashi metric is the same as the classical Teichmüller metric. Whether or not the Carathéodory metric is also the same as the Teichmüller metric was a longstanding open problem.
Let τ : H → T be a Teichmüller disk. Then the Carathéodory and Kobayashi metrics agree on τ (H) if and only if there is a holomorphic retraction onto τ (H), i.e. a holomorphic map F : T → H so that F • τ = id H . Thus, the problem of determining whether the Carathéodory and Kobayashi metrics agree reduces to checking whether each Teichmüller disk is a holomorphic retract of Teichmüller space. In 1981, Kra [10] showed that if a holomorphic quadratic differential has no odd-order zeros, then its associated Teichmüller disk is a holomorphic retract. However, it was recently shown [12] that not all Teichmüller disks in T g are retracts, and so the Carathéodory and Kobayashi metrics are different.
It remains to classify the Teichmüller disks on which the two metrics agree. In other words, we would like to know which Teichmüller disks are holomorphic retracts of Teichmüller space. Put another way, our aim is to classify the complex geodesics for the Carathéodory metric on Teichmüller space.
We conjecture the converse of Kra's result:
Remark: Let p be a point in a connected complex manifold M . To prove the implication (a) =⇒ (b), we used the fact that a family {F j } of holomorphic maps M → H is precompact in O(M, H) if and only if {F j (p)} is precompact in H. (This is essentially a rephrasing of Montel's theorem.) We will use this fact throughout the paper.
1.3. Symmetric spaces vs. Teichmüller space. In case M is a Hermitian symmetric space, the Kobayashi and Carathéodory metrics coincide. Indeed, we have (1) Each pair of points in M is contained in the image of a complex geodesic for K M . (2) Every complex geodesic for K M is a holomorphic retract of M .
So from Lemma 1.3, we get K M = C M . In fact, by a theorem of Lempert ([11] ; [8] Chapter 11) , the Kobayashi and Carathéodory metrics coincide for all bounded convex domains. (Every Hermitian symmetric space is biholomorphic to a bounded convex domain.) Whether the two metrics agree for all bounded C-convex domains is an open question.
Given the many parallels between Teichmüller spaces and symmetric spaces, it is natural to ask whether the Carathéodory metric on Teichmüller space is the same as Teichmüller-Kobayashi metric. As is the case with Hermitian symmetric spaces, any pair of points in T is contained in a complex geodesic for K T . The problem of determining whether the Kobayashi and Carathéodory metrics agree on Teichmüller space thus reduces to checking whether each complex geodesic for K T is a holomorphic retract.
Abelian Teichmüller disks. Complex geodesics for the Teichmüller-Kobayashi metric K T are called Teichmüller disks.
A Teichmüller disk is determined by the initial data of a point in T and a unit cotangent vector at that point. In other words, the disk is determined by a unit-norm holomorphic quadratic differential φ. We say φ generates the Teichmüller disk τ φ . (See Section 2.2.) If φ is the square of an Abelian differential, τ φ is called an Abelian Teichmüller disk.
Kra [10] showed that the Kobayashi and Carathéodory metrics agree on certain subsets of Teichmüller space. Namely, he proved Theorem 1.4.
[10] Let T be the Teichmüller space of a finite-type orientable surface. If φ is a quadratic differential with no odd-order zeros, then the restrictions of the metrics K T and C T to τ φ (H) coincide. That is, τ φ is a complex geodesic for C T and thus a holomorphic retract of T .
The key tool in the proof is the Torelli map from the Teichmüller space T g of a closed surface to the Siegel upper half-space Z g . Kra showed that the Torelli map sends every Abelian Teichmüller disk in T g to a complex geodesic in the symmetric space Z g . Post-composing by a holomorphic retraction Z g → H onto this complex geodesic yields a retraction T g → H onto the Abelian Teichmüller disk. A covering argument then extends the result to all differentials φ with no odd-order zeros. (Note that, at a puncture, φ can have a simple pole or a zero of any order, and the theorem still holds.) 1.5. Carathéodory = Teichmüller. However, in [12] it was shown that the Carathéodory and Kobayashi metrics on Teichmüller space do not coincide:
The Kobayashi and Carathéodory metrics on the Teichmüller space of a closed surface of genus at least two do not coincide; if g ≥ 2, there is a Teichmüller disk in T g which is not a holomorphic retract.
An elementary covering argument, outlined in the appendix of this paper, extends the result to all Teichmüller spaces T g,n of complex dimension at least two: Theorem 1.6. Suppose dim C T g,n := 3g − 3 + n ≥ 2. The Kobayashi and Carathéodory metrics on T g,n are different.
Remark:
The one-dimensional spaces T 0,4 and T 1,1 are biholomorphic to H, so the Kobayashi and Carathéodory metrics are equal to the Poincaré metric. Theorem 1.6 has consequences for the global geometry of Teichmüller space. Teichmüller space is biholomorphic via Bers' embedding to a bounded domain in C k . However, combined with Lempert's theorem, Theorem 1.6 implies Theorem 1.7. The Teichmüller space T g,n is not biholomorphic to a bounded convex domain in C k , whenever dim C T g,n ≥ 2.
See [6] for related convexity results. See [1] and [2] for other recent results comparing the complex geometry of Teichmüller spaces and symmetric spaces.
1.6. Outline. It remains to characterize the quadratic differentials which generate holomorphic retracts. Our Conjecture 1.1 is that the converse of Kra's result holds − τ φ is a holomorphic retract if and only if φ has no odd-order zeros.
In the rest of the paper, we develop some tools towards a proof of Conjecture 1.1. The conjecture is obviously true for the Teichmüller spaces T 1,1 and T 0,4 of complex dimension one. Our main result, Theorem 1.2, is that the conjecture holds for the spaces T 0,5 and T 1,2 of complex dimension two.
The idea of the proof is as follows. We first show that the property of generating a holomorphic retract is a closed condition on the bundle Q of marked quadratic differentials. The condition is also invariant under the actions of SL 2 (R) and the mapping class group. Thus, it descends to a closed, SL 2 (R)-invariant condition on the moduli space Q of unmarked quadratic differentials. In other words, if φ generates holomorphic retract, then so does every element of its SL 2 (R) orbit closure in Q. On the other hand, the SL 2 (R)-orbit closure of any quadratic differential contains a Jenkins-Strebel differential in the same stratum [14] [16] .
To prove Conjecture 1.1, it thus suffices to establish that no Jenkins-Strebel differential with an odd-order zero generates a retract. To this end, we prove an analytic criterion characterizing Jenkins-Strebel differentials which generate retracts. Given a Jenkins-Strebel differential φ with k cylinders, we define a holomorphic map E φ : H k → T called a Teichmüller polyplane. The marked surface E φ (λ 1 , . . . , λ k ) is obtained by applying the map x + iy → x + λ j y to the jth cylinder ( Figure  2 ). The Teichmüller disk τ φ is the diagonal of E φ , so if F : T → H is a holomorphic retraction onto τ φ (H), then the composition f = F • τ : H k → H restricts to the identity on the diagonal:
Our analytic criterion, Theorem 4.1, states that if a unit area Jenkins-Strebel differential φ generates a retract, then the retraction F can be chosen so that f = F • E φ is a convex combination of the coordinate functions:
where a j is the area of the jth cylinder. In other words, τ φ is a retract if and only if the linear function j a j λ j on the polyplane E φ (H k ) extends to a holomorphic map T → H. As a corollary of this criterion, we observe that if a Jenkins-Strebel differential φ generates a retract, then so does any differential obtained by horizontally shearing the cylinders of φ.
To prove Conjecture 1.1 for T 0,5 , let φ ∈ Q 0,5 be a Jenkins-Strebel differential with an odd-order zero. So φ has a simple zero and five poles. Using the results of [14] , [16] and a simple combinatorial argument, we show that φ contains in its SL 2 (R) orbit closure a two-cylinder Jenkins-Strebel differential φ with a simple zero. Shearing the cylinders of φ yields an L-shaped pillowcase differential ψ ( Figure 6 ). Now, assume for the sake of contradiction that φ generates a retract. Then so does the differential φ in SL 2 (R)φ, and so does the L-shape ψ obtained by shearing the cylinders of φ . But in [12] , Markovic shows that an L-shape does not satisfy our criterion; there is no holomorphic map F : T 0,5 → H extending a 1 λ 1 + a 2 λ 2 . The idea of Markovic's proof is to assume a holomorphic extension F exists and then, using the Schwarz-Christoffel formula, obtain a contradiction on the smoothness of F at the boundary of the bidisk E ψ (H 2 ).
This proves the Conjecture 1.1 for the sphere with five punctures. The isomorphism T 0,5 ∼ = T 1,2 yields the corresponding result for the twice-punctured torus.
Dynamics on moduli space
In this section, we describe the role of dynamics in the classification of complex geodesics for the Carathéodory metric. After recalling some basic definitions, we show how the GL + 2 (R) action on Q allows us to reduce Conjecture 1.1 to the case of Jenkins-Strebel differentials. Using ergodicity of the Teichmüller geodesic flow, we show that most quadratic differentials do not generate holomorphic retracts.
2.1. The GL + 2 action on Q. Let T = T g,n be the Teichmüller space of marked complex structures on a finite-type, orientable surface S g,n of genus g with n punctures. Let Q = Q g,n denote the bundle of marked, nonzero, integrable, holomorphic quadratic differentials over T . Equivalently, Q is the bundle of marked half-translation structures on S g,n ( Figure 1 ). The group GL + 2 of orientation-preserving linear maps R 2 → R 2 acts on Q by post-composition of flat charts. In other words, the action is by affine deformations of the polygonal decomposition of a differential ( Figure  2 ). 
Teichmüller disks.
Let p : Q → T denote the projection sending a quadratic differential to its underlying Riemann surface. The action of a conformal linear transformation does not change the underlying Riemann surface of a quadratic differential. Therefore,
is a well-defined map from the upper half-plane
To give a more explicit description of the map τ φ , note that H sits in GL + 2 as the subgroup generated by vertical stretches and horizontal shears:
The Teichmüller disk generated by φ is
Written in complex coordinates, the action of the matrix 1 Re(λ) 0 Im(λ) is
Thus, τ φ (λ) is the quasiconformal deformation of X := p(φ) with Beltrami coefficient
with µ φ := φ −1 |φ|. The Teichmüller disk τ φ is the unique Kobayashi geodesic with initial data
Orbit closures.
The mapping class group MCG of S g,n acts on T and Q by changes of marking. The action of each mapping class is a biholomorphism, and by a theorem of Royden [15] , every biholomorphism of Teichmüller space arises in this way (as long as dim C T ≥ 2). The quotient of Teichmüller space by the MCG action is the moduli space of complex structures on S g,n .
The quotient of Q by the MCG action is the space Q of (unmarked) half-translation structures on S g,n . The GL + 2 action on Q descends to an action on Q.
Let φ ∈ Q and α ∈ MCG. Then the disk τ φ is a holomorphic retract if and only if
will say φ ∈ Q generates a retract if every element of its preimage in Q does. The property of generating a retract is also invariant under the GL
and m : H → H is the associated Möbius transformation
The following Proposition is key:
Proposition 2.1. If φ generates a holomorphic retract, so does every element in the orbit closure GL
Proof: From the above discussion, we know that every element of the orbit GL + 2 φ generates a retract. The desired result will follow from the next Lemma.
Lemma 2.2. Suppose the sequence φ 1 , φ 2 , . . . converges to φ in Q. Let τ N , τ be the Teichmüller disks generated by φ N and φ, respectively. If each τ N is a holomorphic retract, then so is τ .
Proof: This follows by the continuity of the Kobayashi and Carathéodory metrics on T (see [3] ). However, we prefer to give a direct proof.
For each N , let F N : T → H be a holomorphic map satisfying F N • τ N = id H . Then {F N } is a normal family. To see this, let X N and X denote the marked surfaces p(φ N ), p(φ). Then
which is uniformly bounded in N . Thus, passing to a subsequence, we may assume F N converges locally uniformly to a holomorphic map F : T → H. By continuity of the GL + 2 action on Q, the sequence τ N converges locally uniformly to τ . Therefore,
Let Q 1 denote the space of unit-area half-translation surfaces. The Teichmüller geodesic flow on Q 1 is the action of the subgroup
With respect to a suitable probability measure on Q 1 , the Teichmüller geodesic flow is ergodic [13] , [18] . In particular, for almost all φ ∈ Q 1 , the orbit GL + 2 φ is dense in Q 1 . Combined with Proposition 2.1 and Theorem 1.6, this implies Theorem 2.3. For almost every quadratic differential φ ∈ Q 1 , the Teichmüller disk τ φ (H) is not a holomorphic retract.
2.4.
The horocycle flow and Jenkins-Strebel differentials. Recall that φ ∈ Q is said to be Jenkins-Strebel if its nonsingular horizontal trajectories are compact.
The horocycle flow on Q is the action of the subgroup
Minsky and Weiss [14] showed that every closed H-invariant set of Q 1 contains a minimal closed H-invariant subset. If Q 1 were compact, this would follow by a standard Zorn's lemma argument.
The main point of their proof is a quantitative nondivergence result which states that each H-orbit spends a large fraction of its time in the ε-thick part of Q 1 .
Subsequently, Smillie and Weiss [16] showed that every minimal closed H-invariant set is the H orbit closure of a Jenkins-Strebel differential. In particular, the orbit closure Hφ of any φ ∈ Q contains a Jenkins-Strebel differential. As Smillie and Weiss observed, the above results continue to hold for the action of H on each stratum of Q. In particular, this means that if φ has an odd-order zero, then Hφ contains a Jenkins-Strebel differential with an odd-order zero.
An advantage of working with the horocycle flow, rather than the full GL + 2 action, is that H preserves horizontal cylinders. That is, if φ has a horizontal cylinder, then every element of Hφ has a cylinder of the same height and length. Suppose in addition that the cylinder of φ is not dense in S g,n . Then since h · φ = φ for all h in H, a Jenkins-Strebel differential in Hφ has at least two cylinders.
We summarize the above in the following theorem. ψ can be taken to also have an odd-order zero. (b) If φ has a horizontal cylinder which is not dense in S g,n then ψ has at least two cylinders.
By Proposition 2.1 and Theorem 2.4(a), our Conjecture 1.1 reduces to the case of Jenkins-Strebel differentials. That is, it suffices to show that no Jenkins-Strebel differential with an odd-order zero generates a holomorphic retract.
Jenkins-Strebel differentials and Teichmüller polyplanes
In this section, we begin our analysis of Teichmüller disks generated by Jenkins-Strebel differentials. The key observation is that such a disk is the diagonal of a certain naturally defined polydisk holomorphically embedded in T .
3.1. Teichmüller polyplanes. The core curves of a Jenkins-Strebel differential form a collection of essential simple closed curves, which are pairwise disjoint and non-homotopic ( Figure 3 ). We will call such a collection of curves a disjoint curve system. Let C = {γ 1 , . . . , γ k } be a disjoint curve system on S g,n . We say a Jenkins-Strebel differential is of type C if the cores of its cylinders are homotopic to γ 1 , . . . , γ k . We define an action of the k-fold product H k = H × · · · × H on the differentials of type C. The tuple λ = (λ 1 , . . . , λ k ) ∈ H k acts on the jth cylinder of φ by the affine map x + iy → x + λ j y (Figure 4 ). Since this map takes horizontal circles isometrically to horizontal circles, the result is a well-defined Jenkins-Strebel differential λ · φ. Projecting the orbit of φ to the Teichmüller space, we get a map E φ : H k → T defined by
We call E φ the Teichmüller polyplane associated to φ. Below, we list some properties of Teichmüller polyplanes.
The Teichmüller disk associated to φ is the diagonal of the polyplane:
The Teichmüller polyplane mapping sends translations to Dehn twists (See Figure 5 .)
To make this precise, let m j denote the modulus (height divided by length) of the jth cylinder. Let T j denote the Dehn twist about the core curve γ j . Then
Equation (4) is crucial. It will allow us to relate the analysis of holomorphic maps H k → H to the geometry of Teichmüller space.
The polyplane mapping is a holomorphic embedding. The mapping is holomorphic because the Beltrami coefficient of x + iy → x + λ j y is holomorphic in λ j . Holomorphicity implies that E φ is nonexpanding for the Kobayashi metrics on H k and T :
(Recall that the Kobayashi metric K H k is the supremum of the Poincaré metrics on the factors.) We prove that E φ is an embedding in Theorem 3.3 below. However, the mapping is not proper. Indeed, there are no proper holomorphic maps H k → T .
(See Page 75, Corollary 1 of [17] .) As one of the one of the coordinate functions approaches the real axis and the height of the corresponding cylinder goes to 0, the sequence of image points may converge in T . This lack of properness was critical in the proof [12] that the Kobayashi and Carathéodory metrics on T are different. 
3.2.
Teichmüller polyplanes are embedded. Below, we prove that the Teichmüller polyplane E φ : H k → T is an embedding. We do not use this fact in the proof of our main result; the reader may choose to skip this section.
Let φ be a quadratic differential and γ a closed curve. We denote by L φ (γ) the φ-length of γ − the shortest length of a curve homotopic to γ, measured in the flat metric associated to φ. If γ is the core of a cylinder of φ, then L φ (γ) is the circumference of the cylinder. The following result of Jenkins [7] asserts uniqueness of Jenkins-Strebel differential with given length data.
Proposition 3.1. Let C = {γ 1 , . . . , γ k } be a disjoint curve system, and let l 1 , . . . , l k be positive numbers. There is at most one Jenkins-Strebel differential φ whose core curves are homotopic to a subset of C and which satisfies L φ (γ j ) = l j for j = 1, . . . , k.
Combined with Proposition 3.1, the following result implies injectivity of E φ .
Lemma 3.2. The action of H k on Jenkins-Strebel differentials of given type {γ 1 , . . . , γ k } is free. In other words, each orbit map λ → λ · φ is injective.
Proof: Suppose λ · φ = µ · φ. Then the height of the jth cylinder is the same for λ · φ and µ · φ, so Im(λ j ) = Im(µ j ).
We need to show Re(λ j ) = Re(µ j ). Suppose not. Then µ = λ + t for some nonzero vector t ∈ R k . The equation (λ + t) · µ = λ · µ combined with the fact that (λ, φ) → λ · φ is a group action implies
for every positive integer N . Projecting to Teichmüller space, we get
But this is impossible since for large N , E φ (λ + N t) is bounded distance from a translate of E φ (λ) by a big Dehn multi-twist.
To make the argument precise, let v N denote the vector with jth entry N t j m j m j .
(The vector v N is an element of the lattice m −1 j Z which approximates N t.) Now by (4), E φ (λ + v N ) is the marked surface obtained by twisting N t j m j times about γ j . By proper discontinuity of the action of the mapping class group on T , the sequence E φ (λ + v N ) leaves every compact set as N → ∞. However, by (5),
which is bounded by a constant independent of N . This is a contradiction.
We now come to the main result of this section.
Theorem 3.3. The Teichmüller polyplane E φ : H k → T is a holomorphic embedding.
Proof: We have already seen that E φ is holomorphic. To prove injectivity, suppose E φ (λ) = E φ (µ). Then λ·φ and µ·φ are quadratic differentials on the same marked Riemann surface. By construction, the cylinders of these two differentials have the same lengths. So λ · φ = µ · φ by Proposition 3.1. Now, by Lemma 3.2, λ = µ.
It remains to show that E φ is a homeomorphism onto its image. To this end, let λ 1 , λ 2 , . . . be a sequence which leaves all compact subsets of H k . We must verify that
. . does not converge to an element of E(H k ). It suffices to check the following cases:
(i) The imaginary part of some component of λ N goes to infinity as N → ∞. Then the modulus of the corresponding cylinder goes to infinity. Therefore, the extremal length (see e.g. [9] ) of the core curve converges to 0. Hence, E φ (λ N ) leaves all compact subsets of T . (ii) The imaginary parts of all components λ N are bounded above but at least one of them converges to zero. Suppose E φ (λ N ) converges to a marked surface X. Since the imaginary parts of λ N stay bounded, the norms λ N · φ stay bounded. Passing to a subsequence, we may thus assume that λ N · φ converges to a Jenkins-Strebel differential ψ on X. By continuity, ψ has the same length data as every element of the orbit
However, if the jth coordinate λ N j converges to 0, then the jth cylinder of ψ is degenerate. In other words, γ j is not a core curve of ψ. So ψ is not in H k · φ. By Proposition 3.1, X is not in E φ (H k ).
(iii) All of the imaginary parts stay bounded between two positive numbers, but some of the real parts go to infinity. Arguing as in the proof of Lemma 3.2, there is a sequence of multi-twists α N : T → T so that
is bounded uniformly in N . Since α N • E φ (i) leaves all compact subsets of T , so does E(λ N ).
Case (ii) accounts for the fact that E φ is not proper.
The analytic criterion
The goal of this section is to prove the following analytic criterion characterizing Jenkin-Strebel differentials which generate retracts. The criterion generalizes results from [5] [12].
Theorem 4.1. Let φ ∈ Q be a unit-area Jenkins-Strebel differential, and let a j denote the area of the jth cylinder of φ. Let E φ : H k → T be the Teichmüller polyplane associated to φ. Then the Teichmüller disk τ φ is a holomorphic retract if and only if there exists a holomorphic map G : T → H so that
In other words, τ φ is a retract if and only if the function k j=1 a j λ j on E φ (H k ) admits a holomorphic extension to the entire Teichmüller space. Heuristically, the more cylinders φ has, the stronger the criterion is. If φ has one cylinder, the criterion is vacuous. If the core curves of φ form a maximal disjoint curve system, then the polyplane is an open submanifold of T , so the criterion says that k j=1 a j λ j has a unique extension to a holomorphic map T → H.
Remark 1: Alex Wright has pointed out to us a proof, based on his work in [19] , that the orbit closure of a differential φ with an odd-order zero contains a Strebel differential with at least two cylinders, except potentially if φ is a pillowcase cover. So the criterion in Theorem 4.1 almost always gives us at least some nontrivial information. We will carry out this program for T 0,5 by working with the class of differentials with two cylinders.
We return to the proof of Theorem 4.1. The "if" direction is easy; if there is a holomorphic map G : T → H satisfying (6), then
Thus, G is a holomorphic retraction onto τ φ (H).
To prove the other direction, suppose there is a map F : H → T so that F • τ φ = id H . The idea of the proof is to approximate the desired G by maps of the form t + F • α, with t ∈ R a translation and α ∈ MCG a multi-twist. First, we recall a lemma from [12] .
where a j is the area of the jth cylinder of the unit-area differential φ.
Proof: Equation (7) is a restatement of F • τ φ = id H . To prove (8) , let X = τ φ (i) be the underlying surface of φ. We first show that the cotangent vector dF X ∈ T * X T is represented by the quadratic differential −2iφ. To this end, let µ φ be the Beltrami differential φ −1 |φ|. By definition, τ φ (i) = i 2 µ φ . So by the chain rule,
But also
Since F is holomorphic, dF X has norm at most 1 with respect to the infinitesimal Kobayashi metrics on T X T and T i H. Since the infinitesimal Kobayashi metric on T i H is half the Euclidean metric, the unit norm ball of Hom C (T X T , T i H) corresponds to the 2-ball of Q(X). But −2iφ is the unique differential in the 2-ball of Q(X) which pairs to 1 against i 2 µ φ . Thus, dF X is integration against −2iφ, as claimed.
By construction, the tangent vector 
The key tool in the proof of Theorem 4.1 is a complex-analytic result concerning the space D of holomorphic functions H k → H which satisfy condition (7) . Consider the conjugation of action of R on D:
We call the map (t, f ) → f t the translation flow on D. The translation flow is well-behaved; for any f ∈ D, the orbit {f t } spends most of its time close to a linear function. More precisely, we have the following result, proven in [5] .
. , i).
Let U be any neighborhood of g in the compact-open topology. Then the set S = {t ∈ R|f t ∈ U } 14 has density 1 in R:
where m is the Lebesgue measure.
We now prove the main result of this section.
Proof of Theorem 4.1: Let F : T → H be a holomorphic map such that F • τ φ = id H . Then f = F • E φ satisfies equations (7) and (8) . To apply Theorem 4.3 in the present context, we need to approximate translations in the polyplane E φ (H k ) by Dehn multi-twists. We will find a sequence t 1 , t 2 , . . . of real numbers and a sequence α 1 , α 2 , . . . of mapping classes so that t N +F •α N converges to the desired map G.
Let m j denote the modulus of the jth cylinder of φ. Fix ε > 0. We claim we can choose t ∈ R so that (i) The distance from t to the nearest point in m
To see this, let S 1 be the set of t ∈ R satisfying Condition (i), and let S 2 be the set satisfying the Condition (ii). By standard results on equidistribution of linear flows on the k-torus, the set S 1 has positive density in R. By Theorem 4.3, the set S 2 has density 1. Therefore, the intersection S 1 ∩ S 2 is nonempty, which is what we need.
So pick t satisfying the above conditions and find integers N j so that t − N j m j < ε. Let α be the multi-twist which twists N j times about the jth cylinder. Now, set
By Condition (ii), the second term is less than ε. By Condition (i), the first term is small; to see this, write
where, in the equality, we have used (4) and, in the first inequality, we have used the fact that the Kobayashi distance on H k is the max of the Poincaré distances on the factors. The last displayed quantity goes to 0 locally uniformly as ε → 0.
Thus, the sequence
is a normal family and any subsequential limit
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If ψ = µ · φ is another element of the orbit H k φ, then τ ψ (λ) is the surface obtained by applying to the jth cylinder of φ the linear transformation
where c = j Im (µ j ) and d = j Re (µ j ). So
is a retraction onto the disk generated by ψ. Thus, we have proved Corollary 4.4. Let φ be a Jenkin-Strebel differential with k cylinders. If φ generates a holomorphic retract, then so does every differential in its H k orbit.
The L-shaped pillowcase
Doubling a right-angled L-shaped hexagon along its boundary yields a Jenkins-Strebel differential on S 0,5 called an L-shaped pillowcase (Figures 6, 7) . In this section, we sketch the proof [12] that an L-shaped pillowcase does not generate a holomorphic retract, and thus that the Carathéodory and Kobayashi metrics on T 0,5 do not coincide. We then prove Theorem 1.6, which states the two metrics on T g,n are different whenever dim C T g,n ≥ 2.
The L-shaped pillowcase has two cylinders, Π 1 and Π 2 . We let h i denote the heights of Π i . We denote the length of Π 1 by q and normalize so that the length of Π 2 is 1. We call the resulting quadratic differential φ(h 1 , h 2 , q) and its underlying marked surface X(h 1 , h 2 , q). The idea is to reach a contradiction by examining the regularity of G at the boundary of E φ 0 (H 2 ). To this end, note that the differential φ(0, 1, q) obtained by collapsing Π 1 is a well-defined element of Q 0,5 ( Figure 8a ). Now observe that γ(t) = X(0, 1, q − t) is a smooth path in Teichmüller space (Figure 8b ). Since G is holomorphic, G • γ is a smooth path in H.
Now, an argument using the Schwarz-Christoffel mappings shows that X(0, 1, q − t) is in E φ (H 2 ) for each t ∈ (0, q). In fact, there is a unique pair of positive numbers h 1 (t), h 2 (t) so that
Thus,
An involved computation with the Schwarz-Christoffel mappings determines the asymptotics of h 1 (t), h 2 (t) for small positive t. See [12] Sections 8,9 for details. The end result is that there are constants β 1 and β 2 = 0 so that
which is incompatible with the fact that G • γ is thrice-differentiable.
Proof of Theorem 1.6: We have seen that the Kobayashi and Carathéodory metrics on T 0,5 are different. To prove the corresponding fact for T g,n , we note that there is an embedding ι : T 0,5 → T g,n which is holomorphic and isometric for the Kobayashi metric. The embedding is constructed using an elementary covering argument; we give the details in the Appendix. Now, let φ ∈ Q 0,5 be an L-shaped pillowcase. Then ι•τ φ is a Teichmüller disk in T g,n . A holomorphic retraction F : T g,n → H onto this disk would yield a retraction F •ι onto τ φ , contradicting Theorem 5.1. So ι • τ φ is not a retract and thus the two metrics on T g,n are different. Figure 6 . Gluing two copies of the L along corresponding edges yields the differential φ(h1, h2, q) on S0,5. The crosses indicate poles and the dot indicates a simple zero.
The cylinders of the L-shaped pillowcase. Figure 8 . Collapsing the top cylinder of an L-shaped pillowcase yields a well-defined quadratic differential. A simple pole and zero "cancel" to give a regular point at a puncture. We get a path in T0,5 by moving this puncture horizontally.
6. The five-times punctured sphere and twice-punctured torus 6.1. Jenkins-Strebel differentials on S 0,5 . In this section, we classify the Jenkins-Strebel differentials on the five-times punctured sphere S 0,5 . We establish the following: Proposition 6.1. An integrable holomorphic quadratic differential φ on S 0,5 either has five poles and a simple zero or four poles and no zeros. In the second case, τ φ is a retract by Theorem 1.4. (Alternatively, note that the forgetful map F : T 0,5 → T 0,4 which "fills in" the puncture at the regular point restricts to a biholomorphism F • τ φ : H → T 0,4 .) Conjecture 1.1 for T 0,5 reduces to showing that, in case φ has a simple zero, τ φ is not a retract. As we observed in Section 2.4, it suffices to consider the case that φ is Jenkins-Strebel. Let Γ be the critical graph of φ, i.e. the union of the horizontal rays emanating from zeros and poles. Since φ is Jenkins-Strebel, each horizontal ray emanating from a singularity ends at a singularity. Thus, Γ is a finite graph on S 2 with a valence three vertex at the simple zero and valence one vertices at each of the poles. The boundary ∂M z has two components, one longer than the other. Thus, one of the components of ∂M z , say the shorter one, is homotopic to ∂M 1 , and the other is homotopic to ∂M 2 . So φ is Jenkins-Strebel with two cylinders. Now, shear a cylinder of φ so that there is a vertical segment connecting the zero in Γ z and a pole in Γ 1 . Next, shear the other cylinder so that there is a vertical geodesic connecting the pole of Γ z to a pole of Γ 2 . The resulting differential is an L-shaped pillowcase in the same H 2 -orbit as φ.
Proof of Proposition 6.1: To prove the first part, suppose φ ∈ Q 0,5 has an odd-order zero. Let ψ ∈ GL + 2 φ be a Jenkins-Strebel differential with a simple zero. If ψ has two cylinders, we are done. If it has only one, then we are in Case 1, so ψ has a differential with two cylinders in its orbit closure.
To prove the second part, suppose φ ∈ Q 0,5 has two cylinders. Then we are in Case 2, so φ is in the same H 2 orbit as an L-shaped pillowcase. 6.2. Proof of the main theorem. We collect our results and classify Carathéodory geodesics in T 0,5 and T 1,2 .
Proof of Theorem 1.2: We first prove the result for T 0,5 . The "if" direction follows from Kra's Theorem 1.4. For the "only if" direction, let φ ∈ Q 0,5 be a differential with an odd-order zero. Suppose for the sake of contradiction that φ generates a holomorphic retract. By Theorem 2.4 and Proposition 6.1(a), the GL To prove the result for T 1,2 , recall that there is an orientation-preserving involution α ∈ MCG 1,2 which fixes every point of T 1,2 . For each X ∈ T 1,2 , the class α is represented by a conformal involution of X which fixes four points and swaps the punctures. The quotient of X by the involution is a surface X of genus zero with five marked points. There is a unique complex structure on X making the quotient f : X → X a holomorphic double cover branched over four marked points.
The map T 1,2 → T 0,5 sending X to X is a biholomorphism. Let φ be a quadratic differential on X , and let f * φ be its pullback to X. Then the Teichmüller disk τ φ in T 0,5 corresponds to the disk τ f * φ in T 1,2 . To complete the proof, we observe that f * φ has an odd-order zero if and only if φ does. Indeed, a simple zero of φ is necessarily unramified and thus lifts to two simple zeroes of f * φ. On the other hand, ramified poles and ramified regular points lift to regular points and double zeroes, respectively. So if φ has no odd-order zeros, neither does f * φ.
7.
Appendix: T 0,5 embeds in T g,n
We used the following Lemma in Section 5 to deduce that the Kobayashi and Carathéodory metrics on T g,n are different.
Lemma 7.1. Whenever dim C T g,n = 3g−3+n ≥ 2, there is a holomorphic and isometric embedding T 0,5 → T g,n .
Proof: If n = 2m is even, then S g,n admits an involution α fixing 2g + 2 points, none of which are marked (Figure 11a ). If n = 2m+1 is odd, then S g,n admits an involution α fixing 2g +2 points, one of which is marked (Figure 12b ). In either case, the quotient is S 0,n 1 where n 1 = m + 2g + 2 ≥ 5. The space T 0,n 1 embeds holomorphically and isometrically in T g,n as the fixed point set of the action of α (see e.g. [4] p. 370). (In case g = 1 and n = 2, we obtain the isomorphism T 0,5 ∼ = T 1,2 described in the last section. This construction also yields the other two coincidences T 0,4 ∼ = T 1,1 and T 0,6 ∼ = T 2,0 .) If n 1 = 5, we are done. Otherwise, by the same construction as above, the surface S 0,n 1 admits an involution with quotient S 0,n 2 and 5 ≤ n 2 < n 1 (Figure 12 ). So we have embeddings T 0,n 2 → T 0,n 1 → T g,n .
Continuing inductively, we get an embedding T 0,5 → T g,n .
(a) (b) Figure 11 . The desired involution is 180 degree rotation about the indicated axis. Crosses indicate marked points. Dots indicate fixed points of the involution. 
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